Using the post-Newtonian (PN) expansion technique of the gravitational wave perturbation around a Schwarzschild black hole, we calculate analytically the energy flux of gravitational waves induced by a particle in circular orbits up to the 5.5PN order, i.e. O(v 11 ) beyond Newtonian. By comparing the formula with numerical data, we find that the error of the 5.5PN formula is about 4% when the particle is on the last stable circular orbit. We also estimate the error ∆N in the total cycle of gravitational waves from coalescing compact binaries in a laser interferometer's band produced by using the post-Newtonian approximations. We find that, as for the neutron star-black hole binaries, the 4.5PN approximation gives ∆N < ∼ 1 for a black hole of mass M < 40M⊙, while it gives ∆N > ∼ 1 for a black hole of mass M > 40M⊙. §1. Introduction
§1. Introduction
Gravitational waves from coalescing compact binaries are the most promising candidates which will be able to be detected by the near-future, ground based laser interferometric gravitational wave detectors such as LIGO, VIRGO, TAMA, GEO600 etc. 1) If a neutron star or a small black hole spirals into a black hole with mass < 300M ⊙ , the inspiral wave form will be detected by the above detectors. When a signal of gravitational waves is detected, we will try to extract parameters for binaries, such as masses and spins etc., from inspiral wave forms using the matched filtering technique. 2) In this method, parameters for binaries are determined by cross-correlating the noisy signal from detectors with theoretical templates. If the signal and the templates lose phase with each other by one cycle over ∼ 10 3 − 10 4 cycles as the waves sweep through the interferometer band, their cross correlation will be significantly reduced. This means that, in order to extract the information optimally, we need to make theoretical templates which are accurate to better than one cycle during an entire sweep through the interferometer's band. 2) The standard method to calculate inspiraling wave forms from coalescing binaries is the post-Newtonian expansion of the Einstein equations, in which the orbital velocity v of binaries is assumed to be small compared to the speed of light. Although the post-Newtonian calculation technique is being developed to apply to higher order calculation, 3) it becomes more and more difficult and complicated. Thus, it would be very helpful if we could have another reliable method to calculate the high order post-Newtonian corrections.
As an alternative method, the post-Newtonian expansion of the black hole pertypeset using PTPT E X.sty <ver.0.8> turbation has been developed. There, one considers gravitational waves from a particle of mass µ orbiting a black hole of mass M , assuming µ ≪ M . Although this method is restricted to the case µ ≪ M , we can calculate very high-order post-Newtonian corrections to gravitational waves by means of a relatively simple analysis, compared to the standard post-Newtonian analysis. Since LIGO and VIRGO will be able to detect gravitational waves from binaries of mass less than ∼ 300M ⊙ , it is important to construct templates for such binaries. The frequency of gravitational waves for such massive binaries, however, comes into the frequency band for LIGO and VIRGO at r/M ∼ 16(100M ⊙ /M ) 2/3 , i.e., the highly relativistic region. We do not know whether the convergence property of the post-Newtonian approximation is good or not for such a highly relativistic orbit. As was reported by Tagoshi and Sasaki, 4) the post-Newtonian convergence of the total orbital phase during the detectable frequency band for LIGO and VIRGO can be very slow for these binaries. Hence, it is an urgent problem to clarify the extent to which the convergence property of the post-Newtonian expansion is good. For this purpose, we study the energy loss rate of the binary up to v 11 order in this paper, where
This direction of research was first pursued done analytically by Poisson 5) to O(v 3 ) and numerically by Cutler et al. 2) to O(v 5 ). A highly accurate numerical calculation was done by Tagoshi and Nakamura, 6) and they gave a fitting formula to O(v 8 ). They found the appearance of ln v terms in the energy flux at O(v 6 ) and at O(v 8 ). They also clarified that an accuracy of the energy flux to at least O(v 6 ) is needed to construct template wave forms for coalescing binary neutron stars. An analytical calculation to the same order was done by Tagoshi and Sasaki 4) , based on the formulation built up by Sasaki, 7) and they confirmed the result of Tagoshi and Nakamura. Recently, a systematic method to calculate the higher order corrections was developed by Mano, Suzuki and Takasugi. 8) Note that, both in these analyses and in this paper, the particle is treated as a test particle. According to the order of magnitude estimation, the quadrupole moment of a star produced by the tidal deformation of the star affects gravitational waves at O(v 10 ). 9) Thus we cannot regard the realistic compact star as a test particle. Nevertheless, we ignore this fact and treat the star as an ideal structureless particle in this paper, expecting that we can still obtain useful information by analyzing such an ideal system. This paper is organized as follows. In §2, we give the general formulas and conventions used in this paper very briefly. The full description of the formalism can be found in Tagoshi and Sasaki 4) and references therein. In §3, we show the expressions of the energy flux extended to O(v 11 ). In §4, we discuss the accuracy of the post-Newtonian expansion. §5 is devoted to a summary.
Throughout this paper we use the units such that c = G = 1. §2. General formulation
For the reader's convenience, we attach a minimum amount of the explanation about the black hole perturbation formalism in order to make the convention defi-nite. For the reader who would like to know the details, see the reference 4) (Some typographical errors in the formulas in this reference are corrected here). We consider the case in which a particle of small mass µ travels a circular orbit around a Schwarzschild black hole of mass M ≫ µ.
To calculate the gravitational luminosity, we consider the inhomogeneous Teukolsky equation,
where
and T ℓmω is the source term which reflects the energy momentum tensor of the small particle. We omit the explicit form of T ℓmω (r) here. We solve Eq. (2 . 1) using the Green function method. For this purpose, we need a homogeneous solution R in ℓω of Eq. (2 . 1) which satisfies the boundary conditions
where r * = r + 2M ln(r/2M − 1). Then the outgoing-wave solution of Eq. (2 . 1) at infinity with appropriate boundary conditions at horizon is given by
In the case of a circular orbit, the specific energyẼ and angular momentumL of the particle are given byẼ
where r 0 is the orbital radius. The angular frequency is given by
where n Y ℓm (θ, ϕ) are the spin-weighted spherical harmonics,Z ℓmω is found to take the formZ
In terms of the amplitudes Z ℓm , the gravitational wave luminosity is given by As noted in the introduction, a new method to calculate the Teukolsky function in the post-Newtonian expansion was constructed by Mano, Suzuki and Takasugi. 8) However, we have derived the following results by using the formalism developed by Sasaki, 7) and the details of derivation is too complicated and seem not worths of note here, because a new more powerful method has been developed. Thus we present only the final results of the gravitational wave luminosity. The formulas for R in ℓω and B in ℓm and the luminosity of each mode are given in Appendix A. The total luminosity becomes as 10) 
Using the above results, we compare the formula for the gravitational wave flux with numerical results and investigate the accuracy of the post-Newtonian expansion.
A high precision numerical calculation of gravitational waves from a particle in a circular orbit around a Schwarzschild black hole has been performed by Tagoshi and Nakamura. 6) Since no assumption was made about the velocity of the test particle, their results are correct relativistically in the limit µ ≪ M . In that work, dE/dt was calculated only for ℓ = 2 ∼ 6. Then, for the orbital radius r 0 ≤ 100M , we calculate dE/dt again for all modes of ℓ = 2 ∼ 6 and for ℓ = 7 with odd m. The estimated accuracy of the calculation is about 10 −11 , which turns out to be accurate enough for the present purpose. As for the radius r 0 > 100M , since it is expensive to calculate dE/dt, we use the data calculated by Tagoshi and Nakamura 6) which contain modes from ℓ = 2 to 6.
In Figs. 1 and 2 , we show the error in the post-Newtonian formulas as a function Figs. 1 and 2 The error of the post-Newtonian formulas as a function of the Schwarzschild coordinate radius r for 6 ≤ r/M ≤ 100 (Fig. 1 ) and 100 ≤ r/M < 5000 (Fig. 2) . In Fig. 1 , contributions from ℓ = 2 to 7 are included. In Fig. 2 , contributions only from ℓ = 2 to 6 are included in both the post-Newtonian formulas and in the numerical data.
of the orbital radius r. We refer to the post-Newtonian formula which include terms up to the order v n as the (n/2)PN formula. The error of the post-Newtonian formula is defined as
where (dE/dt) n and (dE/dt) denote the (n/2)PN formula and the numerical result, respectively. In the plot of Fig. 2 , only the contributions from ℓ = 2 to 6 are included in both the post-Newtonian formulas and the numerical data. We can see that, at small radius less than r ∼ 10M , the error of the 1PN and 2.5PN formulas are larger than the other formulas. On the other hand, the Newtonian and the 2PN formulas are very accurate within this radius. This is because those formulas coincide with the exact one accidentally at a radius between 6M and 10M . The error of each post-Newtonian formula at the inner most stable circular orbit, r = 6M , becomes as follows; 12% (Newtonian), 66% (1PN), 8.6% (1.5PN), 3.4% (2PN), 42% (2.5PN), 11% (3PN), 5.4% (3.5PN), 17% (4PN), 8.4% (4.5PN), 6.5% (5PN), 4.1% (5.5PN).
As is expected, the errors of the post-Newtonian formulas decrease almost linearly up to r ∼ 5000M in a log-log plot. This fact also suggests that the numerical data have accuracy of at least ∼ 10 −18 at r ∼ 5000M . In order to examine exactly to what order the post-Newtonian formulas are needed to do accurate estimation of the parameters of a binary using data from laser interferometers, we must evaluate the systematic error produced by incorrect templates, 11) However, here we simply calculate the total cycle of gravitational waves from a coalescing binary in a laser interferometer band and evaluate the error produced by the post-Newtonian formulas. It has been suggested that whether the error in the total cycle is less than unity or not gives a useful guideline to examine the accuracy of the post-Newtonian formulas as templates 2) (see also 12) ).
We ignore the finite mass effect in the post-Newtonian formulas and interpret M as the total mass and µ as the reduced mass of the system. Further, since the error of the 5.5PN formula for dE/dt is only a few percent even at r = 6M , and since the error decreases monotonically as the orbital radius increases, we regard the 5.5PN formula as if it were the exact formula.
The total cycle N of gravitational waves from an inspiraling binary is given by
, and r i and r f are the initial and final orbital separation of the binary. In the test particle limit, which we assume, dE/dv is given by
As noted before, we regard the 5.5PN formula (3 . 1) for dE/dt as if it were the exact formula. We then introduce
where (dE/dv) N = −µv, and define the approximated total cycle N (n) as
where Q n (v) and P n (v) are given by expanding Q(v) and P (v) in terms of v and truncating them at order v n . Note that we do not expand Q n (v)/P n (v) in terms of v further in calculating the above integral because such an expansion will produce additional errors in N (n) . The error in the total cycle by using the (n/2)PN formula is defined as
Note that, because we have regarded the 5.5PN formula for dE/dt to be exact, ∆N (11) is produced only by the error in dE/dv. The results are listed in Table I . We find that the post-Newtonian approximations with n ≤ 5 produce errors much greater than 1. This slow convergence was observed in previous works 13), 6), 4), 14), 15) . For a system of a neutron star with mass 1.4M ⊙ and a black hole with mass much larger than 1.4M ⊙ , the convergence becomes much slower. Accidentally, the 3PN formula seems to be good irrespective of the masses of the binary. At n = 7 and 8, the post-Newtonian approximations produce ∆N ∼ 1 for a binary with mass of each star less than about 10M ⊙ but ∆N ∼ 10 for the case where one of binary stars is a black hole with mass > ∼ 40M ⊙ . At n ≥ 9, ∆N < ∼ 1 for all the cases investigated here.
From these results, we can say that at least the 3PN formula is needed for template wave forms. The 4.5PN or higher order approximation seems to be sufficient for constructing template wave forms. It should be noted, however, if the black hole mass is greater than 70M ⊙ , ∆N becomes greater than 2 even in the case of the 5.5PN formula. Nevertheless, this does not necessarily mean that the post-Newtonian approximations, even if we include the 5.5PN terms, is inadequate for calculating the theoretical wave form for such a system. To obtain a definite conclusion, one must perform a more detailed analysis of the systematic error as done by Cutler and Flanagan. 11) One reason for the relatively slow convergence of the post-Newtonian expansion in calculating the cycle N is that we are integrating to a small radius r = 6M , which Table I . The error ∆N (n) in the total cycle of gravitational waves from coalescing compact binaries in a laser interferometer's band produced by using the (n/2)PN formula. The initial frequency is 10Hz, which corresponds to the initial radius r/M ≃ 347(M⊙/M ) 2/3 , and the final frequency is the one at which the binary is r = 6M . Note that ∆N (11) is produced only by the error in the formula for dE/dv. implies a value of v ∼ 1. Further, we can understand some of the above results by a simple order of magnitude estimation (see paper TSTS, section IV). Since the cycles are mainly accumulated around ∼ 10Hz, which is the lowest detectable frequency region of the laser interferometers such as LIGO and VIRGO, N is approximately given by
where M and µ are the total mass and reduced mass, respectively. This implies that the template must have an accuracy of at least 8) when the frequency of gravitational wave becomes 10Hz. Then, for fixed M , we need much better accuracy in the case µ ≪ M than in the case of equal mass, since N becomes large. On the other hand, for fixed µ, the required accuracy seems to become lower as M becomes larger. However, since the non-dimensional radius r/M , at which the frequency of gravitational waves becomes 10Hz, becomes smaller for larger M , the importance of higher order corrections increases. This is the reason why the convergence of the case (1.4M ⊙ ,70M ⊙ ) is slower than that of (1.4M ⊙ ,40M ⊙ ). §4. Summary
We have calculated the energy flux of gravitational waves induced by a particle of small mass in circular orbits around a Schwarzschild black hole up to O(v 11 ) beyond the quadrupole formula analytically. By comparing the analytically derived post-Newtonian formulas with numerical results, we discussed the accuracy of the post-Newtonian expansion. We have found that the accuracy of the 5.5PN formula is good because the error of the dE/dt formula is about 4% even at the inner-most stable circular orbit r = 6M .
We have also calculated the total cycle of gravitational waves in a laser interferometer's band and estimated the error produced by the post-Newtonian expansion. We have found that in the case when each star of a binary has the same mass, the 4.5PN approximation gives a sufficiently accurate cycle irrespective of the value of total mass. On the other hand, in the case of neutron star-black hole binaries for which the mass of the black hole greater than ∼ 40M ⊙ , the convergence of the post-Newtonian expansion is slow. When the total mass is about 40M ⊙ , the error is about 1 for the 5.5PN approximation. When the total mass is greater than ∼ 70M ⊙ , the error becomes greater than 2 even if we go to the 5.5PN order. It is difficult to conclude, however, whether the post-Newtonian expansion can or cannot be used to construct theoretical templates for such systems only from the above results, because the value of ∆N is marginal. We need a detailed analysis of the systematic error, in the parameter estimation, produced by the post-Newtonian expansion, such as the one done in Ref. 12 ). This is left for future work. Formulas for R in ℓω and B in ℓm and the gravitational wave luminosity
The post-Newtonian expansion of the ingoing Teukolsky function in the near zone, where z is small, is given by 
